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Abstract 

We present a method in nonlinear elliptic systems to study curvature decays 
on asymptotically locally Euclidean (ALE) manifolds. In particular, we show that 
scalar flat Kahler ALE metrics of real dimension n are of order (n — 2). The analysis 
can also apply to study removable point singularity problem. 

Let (M, g) be a Riemannian manifold of dimension n > 4. We denote the Riemannian 
curvature, Ricci curvature, the scalar curvature and Weyl curvature by Rm, Rc, R and 
W, respectively. 

Definition 1. A complete Riemannian manifold (M n ,g) is called asymptotically locally 
Euclidean (ALE) of order r > if there exists a compact subset K C M such that (each 
component of) M\K is diffeomorphic to (R n \B ro )/T, where T C SO(n) is a finite group 
acting freely on (R n \ B ro ). Moreover, under this identification 

9ij - $ij = 0O|~ T ), 

d k g tJ =0(\xr- k ) 

as \x\ — > oo. (M n , g) is called ALE of order if under the above identification, g^ — 5^ = 
o(l) and d k gij = o(|a;|~ fc ) as \x\ — > oo. 

A classical work by Bando-Kasue-Nakajima [2] asserts that for Kahler Ricci- flat ALE 
metrics there exist coordinates of order n, and for Ricci-flat metrics, there exist coordinates 
of order n — 1. Cheeger-Tian [S] improved the result to order n and generalized to other 
cone-like Ricci-flat metrics. For non Ricci-flat metrics, Tian-Viaclovsky [26] proved in 
dimension 4 that scalar flat (anti-) self-dual and harmonic metrics are of order 2 — e. 
Streets [23] proved that scalar flat Bach-flat metrics are of order 2 — e. 

We study under what conditions, (M,g) is ALE of order n — 2. This (optimal) order 
is the borderline case when the mass is finite but not necessary zero; see Bartnik [3]. The 
problem of getting the decay order n — 2 is especially delicate, as we need to exclude the 
possibility of the decay Ixl - ^ -2 -* In \x\; this In \x\ term does not occur in other orders. 



*The author was supported by the Miller Institute for Basic Research in Science. 
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To be more precise, we denote by r the distance function from a fixed point o. In 
Theorem [1] below, by using the curvature equation ARm = V5Rm + Rm * Rm, we show 
that the size of (8Rm)jki = ^ l Rijki basically controls the decay of the metric. However, 
when \5Rm\ is asymptotic to r~( n+1 \ \Rm\ is asymptotic to r _n lnr. To eliminate the 
lnr term, we show that under a stronger condition |Vi?c| = 0(r _< - n+1 )) (this is stronger 
because (5Rm)jki = VkRji — ^iRjk), the metric has the decay rate n — 2. 

We denote by C s the Sobolev constant, the best constant such that llfll 2« < 

C.\\Vf\\» W for / G C°/(M). 

Theorem 1. Let (M,g) be ALE of order with C s < oo. Suppose \Rm\ e L?(M). 

(a) IfW k 5Rm = 0( r -( fc+s + 3 )) with s > min{0,^}, then (M,g) is ALE of order 
a = minjn — 2, s} when and (M, g) is ALE of order a < n — 2 when s = n — 2. 

(b) IfV k Rc = 0(r-( fc+n )), then (M,g) is ALE of order a = n-2. 

In the definition of ALE metrics, if we only require the decay in lower derivatives, then 
in Theorem [1] only smaller k's are needed. 

The next result concerns special metrics whose curvatures satisfy a coupled system, 

f ARc = Rc* Rm 

1 ARm = V5Rm + Rm * Rm. 

This allows us to estimate Rc first and then use Theorem [T] to obtain the decay rate. 

Let K be a compact subset in M. A metric is harmonic if 5Rm = 0. In dimension 4, 
a metric is (anti-) self- dual if W~ = {W + = 0). 

Theorem 2. Let (M,g) be a complete noncompact Riemannian manifold with R = in 
M\K. Suppose \Rm\ e La(M) and C s < oo. 

(a) If (M, (yf) zs Kahler, then (M, g) is ALE of order n — 2 ura'£/i finitely many ends. 

(b) If (M, (7) is harmonic, then (M, g>) is ALE of order n — 2 with finitely many ends. 

(c) If n = 4 and (M,g) is (anti-) self- dual, then (M,g) is ALE of order 2 with finitely 
many ends. 

In dimension 4, ) belongs to case (c); see [16]. 

Remark: After the current work has been completed, the author was notified that 
by a different geometry argument, case (c) in Theorem [2] was proved in a recent work 
by Chen-Lebrun- Weber |10| . Also, Ricci decay problem for extreme Kahler metrics was 
considered in [11] . 

We give the outline of proofs. To fix the notation, we denote by dV the volume element 
in M, and by da the area element of a hypersurface in M. Let B r (x) and S r (x) be the 
geodesic ball of radius r and the geodesic sphere of radius r centered at x, respectively. 
When x is at o, we simply denote by B r and S r . 

The idea of the proof of Theorem [1] is to compare the size of f M \ B \VRm\ 2 dV (as 
a function of r) and its derivative — J s \VRm\ 2 da. Then by ordinary differential in- 
equality lemma (see Lemma [5]), we obtain the the decay of \VRm\ and hence the decay 
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of |i?m|; this is where lnr term might occur. Then by a classical result in [2], there 
exist coordinates of the desired order. To relate above two integrands, we apply Po- 
hozaev's trick to the system ARm = Rm * Rm + V 2 Rc in the exterior domain to get 
Im\b |Vi2m| 2 dV < j s (\V v Rm\ 2 — || VRm\ 2 )dcr + lower order terms, where v is 
the unit outer normal on S r . Finally, we apply algebraic inequalities sup|„| =1 \V v Rm\ 2 < 
^\VRm\ 2 + C n \5Rm\\VRm\+C n \SRm\ 2 and sup M=1 \V v Rm\ 2 < ^\VRm\ 2 
+C n \ VRc\ | VRm\ + C n \VRc\ 2 to obtain the sharp comparison between \V u Rm\ 2 and 
|V-Rm| 2 for cases (a) and (b), respectively. It turns out that the method of using Po- 
hozaev's trick is flexible and can be applied to more general non-variational elliptic sys- 
tems; see [9]. 

For Theorem [2J by a regularity result by Chen- Weber [11] and a work by Tian- 
Viaclovsky [25], the manifold is ALE of order zero. To improve the order, we apply Po- 
hozaev's trick to the equation ARc = Rm*Rc to get f M \ B \VRc\ 2 dV < -^r f s (|Vj,-Rc| 2 — 
|| VRc\ 2 )do~ + lower order terms. Then we apply an inequality supi v i =1 |V„ Rc\ 2 < 
^2|Vi?c| 2 , which holds for scalar flat Kahler and (anti-) self-dual metrics, to obtain the 
sharp comparison between iV^-Rcj 2 and |Vi?c| 2 and the right fall-off rate of \Rc\. Finally, 
applying Theorem [1] (b), we find coordinates of the desired order. 

The inequality sup|„| =1 |V„-Rc| 2 < ^IV-Rc] 2 is stronger than |V|-Rc|| 2 < ^iV-Rcj 2 . 
The latter is called the Kato inequality. A general theory on the Kato inequality can be 
found in [S] and [7] by using the representation theory. We refer the reader to [2T], [2], 
[T9] . [T3] for related results in the literature. 

Now we discuss explicit examples of metrics with the optimal order. The Schwarzchild 
metric (1 + -^)^dx 2 defined onl n \{0} is an example of scalar flat harmonic ALE 
manifolds of order n — 2. For scalar flat Kahler ALE manifolds, for n = 4, Lebrun [16] 
constructed examples of order 2. In higher dimensions, the problem was studied by Rollin- 
Singer [20] by using the momentum construction. Let n = 2m. 

Proposition 1. IWtf There exist scalar-flat Kahler ALE manifolds on a complex line 
bundle over CP m_1 of order n — 2 with Y = Z p for all p > 1. 

We reconstruct the metrics for n = 2m by generalizing the method by LeBrun [16] 
to higher dimensions. The advantage of this approach is that we are able to express the 
metrics explicitly. The metrics are of the form 

ds 2 = (1 + ap- 2{m -^ + /3p- 2m )-Mp 2 + p 2 (l + ap~ 2{m - x) + (3p- 2m )h + p 2 g . 

Metrics of this form were studied by Simanca [23] and Pedersen-Poon [T5]. Explicit 
examples of scalar flat ALE manifolds were used in the problem of desingularization; see 
e.g., Arezzo-Pacard [I]. 

A by-product of the analysis we used in proving Theorem [1] and [2] is the following 
removable point singularity result. We show that if the curvatures satisfy a coupled 
system in a punctured ball, then g is smooth across the origin. The result is a direct 
analytic consequence, and holds on more general orbifolds. 
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Definition 2. A Riemannian orbifold (M n ,g) is a smooth Riemannian manifold away 
from finite singular points Xj. At each point x,i, there is a neighborhood B r (xj) such that 
B r (xi) \ {xi} is diffeomorphic to a cone on S n_1 /r, where V C SO(n) is a finite group 
acting freely on S n_1 . Moreover, if g is lifted to B\ \ {0} via T, then g (under a T- 
equivariant diffeomorphism) extends to a smooth Riemannian metric on B\. 

A C° orbifold (M n , g) is a smooth Riemannian manifold away from finite singular 
points with above structure. At each singular point, the lift of g extends to a C° metric 
on Bi. 

Corollary 1. Let n > 5. Let (Bi,g) be a C° orbifold. Suppose (B 1 \ {0}, g) is a smooth 
n-dimensional Riemannian manifold satisfying 

( ARc = Rc*Rm 

) ARm = VSRm + Rm * Rm 

on Bi\{0} with \Rm\ E L%(B\) andC s < oo. Then g extends to a smooth orbifold metric 
on B\. 

Remark: Corollary [JJ can be viewed as a Riemannian analogue of Sibner's [22] result 
for coupled Yang-Mills systems. The argument we used here was applied to extreme 
Kahler metrics by Chen- Weber 

Manifolds satisfying the system in Corollary [JJ include constant scalar curvature Kahler 
metrics and harmonic metrics. 

At the end of the introduction, we state the geometrical Pohozaev's identity for an 
independent interest. Let T be the Christoffel symbol. 

Proposition 2. Let Q be a domain in M and T be a tensor. Suppose the coordinate 
vector X = X*Vj is defined in Q. Then 

J {AT.X^i^dV = J (^^\VT\ 2 + VT*VT*T*X + VT*T*Rm*X^dV 

+ / (V^X'ViTjda- [ l-(X,u)\VT\ 2 da, 
Jdn J on 2 

where v is the unit outward normal on dQ. 

The Pohozaev's identity was used in the literature for the Yamabe equation |15j . 

The organization of the paper is as follows. In Section [TJ we collect some standard 
regularity results and review background materials. In Section [2} we construct scalar-flat 
Kahler metrics. We prove algbraic inequalities in Section El and Theorem CD and [2] in 
Sections HI Finally, we prove Corollary [1] in Section [5] 

Acknowledgments: The author would like to thank Alice Chang and Paul Yang for 
stimulating discussions which initiated the present work. She appreciates Jeff Viaclovsky 
for helpful discussions and especially for explaining his work to her. The author is grateful 
to Rick Schoen for helpful suggestions, which result in Theorem [TJ The author thanks 
Claude LeBrun, Frank Pacard and Jian Song for useful discussions, and Gang Tian for 
interests. Finally, the author thanks Claude LeBrun for pointing out the article [10] to 
her and Peter Petersen for providing a reference. 
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1 Preliminaries 



We collect some standard results in elliptic regularity theory and ordinary differential 
equations. Then we review Kahler, harmonic and (anti-)self-dual metrics. 
Let D r be the complement of the geodesic ball of radius r. 

Lemma 1. J^j Let p > 1. Suppose u, f > and u G L p (D r ) satisfies Au > —fu in D r . 

(a) Suppose f G L q (D r ) satisfies j D f q dV < C r~( 2q ~ n ^ for some q > |. Then 

— — 1 1 r 

sup D2r w<CV p \\u\\ L p(D r ), where C = C(n,p, C , C s ) 

(b) Assume the conditions in (a) and in addition that f G L2(D r ) and VolB r (x) < 
Cr n . Then u = 0(\x\~ a ) for all a < n — 2 as \x\ — > oo. 

Next lemma is an analogue of Lemma [T] for inhomogeneous equations. The proof 
follows by an argument similar to [2], section 4. Let 7 = 

Lemma 2. Let u, f,h > 0. Suppose u satisfies Aw > —fu—h in D r and VolB r (x) < C\r n . 

(a) Suppose f G L q (D r ) satisfies J D f q dV < Cor^^ 2 ^^ for some q > |. Assume 

that u G L P (D T ) for some p > 1 and h G L q {D r ). Then sup^ u < Cr _ ?||w||xpm r ) + 

2q — n 

Cr^r\\h\\ Lq{Dr) , where C = C(n,p, C , C u C s ). 

(b) Let q x = p7 ^ +1 = 2p +"- 2 and p > 1. Suppose h G L qi (D r ) satisfies \\h\\ Lqi{Dr) < 
Cr~ Sl for some 5i > 0. Assume u G L p ' y (D r ) and f G L%(D r ). Then there exists t\ > 
such that if \\f\\ L %r D \ < e l, then f D u P1 dV = 0{r~ e ) for some e > as r — > 00. 

Moreover, under the same assumptions as above but u G L p (D r ) forp > 1, it holds 

1 . _p_ 

n f / /' \ 11 



u p ^dV < Cr~ 2 / u p dV + C( h qi dV 

D 2 r J J D r \J D r 

(c) Assume the conditions in (a) and in addition that f G L%(D r ) and \\h\\iqm r ) < 
Cr~^ s+4: ~ 9 . JTien it = 0(|a;| _Q ) for all a < min{n — 2, s + 2} as |x| — > 00. 

Proof, (a) is by standard elliptic regularity; see [T7| 

(b) Let < < 1 be a cutoff function such that <f> = on B r U Z)2r' and = 1 on 
i? r / \ i?2r with I V0| < CV' -1 on i?2r' \ B r i and | V0| < Cr^ 1 on i?2r \ B r . r' will be chosen 
large. Applying (f 2 u p ~ 1 to the equation and following the computations in [2] p332, we 

get (/ |0«i| 2 W) 1/7 < CJ (f(j) 2 u p + (j) 2 u p - 1 h+\V(j)\ 2 u p )dV. Since is small, we 

can absorb the term J f<j) 2 u p dV to the left and get 

f f \ 1/7 / r \ I/?' / /• \ l/?i r 

J |0«S| 2 Wj < (j 2< VWJ (j h qi dVj +C J |V0|VW, 
where g' = satisfies i + ^7 = 1. Note that ^ = We use Yang's inequality 



1/7 / r \ p/<?i 



afe < + ^-(efe)?- 1 to lift the power to - and absorb the term to the left to obtain 



( f \<Pu^\ 2l dv\ 7 <c( j h qi dvY q +C I |V0|VW. 



(1) 
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Using Holder inequality for the second term, we get 

/ |0w^| 2 W J 7 < C ( ! h qi dVj 91 + C ( f |V0|W) " ( / u pl dv\ 7 . (2) 

J / \J supptp / \J J \J supp\ V(/>| / 

Note that f n , n -u P7 oV — ► because u G L P1 . Letting r' — > oo, we have f„ it P7 aV < 

JL> r l\L> 2r l ° J ^2r — 

_|_ c" j D , m^W. Therefore, w p W = 0(r~ e ) for some e > 0. 
For the second claim, we go back to ([I]). Letting r' —>■ oo gives the inequality, 
(c) Let a = sup{a : u = 0(\x\~ a )}. Suppose a < min{n — 2, s + 2}. Let p (= pj) > 
? > 7 be close to Then u G We have q 1 = P7 , , < £ < o. Therefore, \\h\\ Lqi ( D \ < 

a 1 a ^ x p^—p+1 2 ^ ' 11 H-" '^rj — 

\\h\\ Lq{Dr) < CV _(s+4)+ « . Since J is close to " (7 ~y +7 ° = 2 + a < s + 4, by (b) 
we get f D xtP = 0(r~ e ) for some e > 0. By (a), it follows sup 2Dr u < Cr~ n ^\\u\\LP(D r ) + 
Q r ~(s+2) _ Q^ r t- _|_ r -(s+2)^ rjn^ s gj veg a con t rac liction as ' n j 1 , s + 2 > a. □ 

We turn to consider the punctured ball .Bi\{0} and study the blow-up rate of solutions 
near the origin. Let A r = {x : | < \x\ < ^} be an annulus. 

Lemma 3. Let n > 5. Suppose that u, f > are m L^{B\) and u satisfies Aw > —/it 
m -Bi \ {0}. Assume VolB r (x) < Cr n and in addition J A f q dV < Cr~ l ^ lq ~ n ' ) for some 

q > |. Tnen inere erases e > such that if (J B f%dV)n < eo, then J B u^dV = 
0{r e ) for some e > as r — > 0. 

Moreover, u = 0(\x\~ a ) for alia > as |x| — ► 0. 

Proof. We again follow the computations in [5] p332. Let q = pj > j. Suppose it G 
L q (B\). Let < < 1 be a cutoff function such that = on £? r / U (B\ \ B^r) and 0=1 
on £? r \ i?2r' with |V0| < CV' -1 on £?2r' \ B r > and |V0| < CV -1 on £?2r \ B r . r' is chosen 
to be small. Then by (J Br f n / 2 dVf' n < e , we have (by ©) 

1 .2 1 1 

/|0m3| 2 W) < C f /|V0|W) ( / vPdV)<c(f vPdV) . 

J J \J J \Jsupp\V4>\ J \Jsupp\V<t>\ J 

Letting r' — > (and noting u G L 5 ), we get J s u^c/U < C / Bjj ^ B u^rfV. Therefore, 
J B u q dV = 0(r € ) for some e > 0. Now let q = n/2. We obtain the first part of the lemma. 

By standard regularity, sup| x | =r u(x) < Cr~ n / p (f A u p dV) l l p if u G L p (Bi). Since u G 
L 2 (_£?!), we have u = 0(|x| -2 ) near the origin. Let a = inf{« > : u = 0(\x\~ a )}. If 
a > 0, then 7 = ^ < § < |. Let 7 < g < | be close to |. Then u G By 
the computation in the previous paragraph, we get j B u q dV = 0(r e ) for some e > 0. 

Hence, sup^ =r u(x) < Cr~"/ q (f A u^dV) 1 ^ = 0(r~l" + ?). Since | — | < a, we get a 
contradiction. □ 

2 — 5-4- — 

Lemma 4. Let n > 5. Suppose h > satisfies H^Hl^a,-) ^ C* r 9 / or some g > § ana 1 
/or a// 5 > 0. Suppose u, f > are m L^{Bi) and u satisfies Am > —/it — h in Bi \ {0}. 
Assume VolB r (x) < Cr n and in addition J A f q dV < Cr~ (y2q ~ n \ Then there exists eo > 

swc/i iaai i/ ( / f^dV)™ < e , iaen -a = 0(|x|~ Q ) /or a// a > as \x\ — > 0. 
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Proof. The proof is similar to Lemma El Let q = pry > 7. Suppose u G L q (Bi). Let 
< <p < 1 be a cutoff function as in Lemma [3J By (f B f n l 2 dV) 2 / n < e , the formula © 
holds. Letting r' — > in §Z§ and noting that u G L 5 , we get 

/ wW <C / /i 9 W +C / wW . (3) 

\is r / \JB2r J \JB2r\Br J 



By standard regularity, sup^^ u(x) < Cr~ n ' p (J A u p dV) r' p + Cr~ ~ \\h\\Li(A r ) if m G 
L p (Bi). Since u G L n ^ 2 (Bi), we get u = 0(|x|~ 2 ) near the origin. Let a = inf{a > : u = 
0(\x\- a )}. If a > 0, then 7 < § < § . Let 7 < g < § be close to |. Then w G Since 

Qi = jry-l+i < n / 2 < <?, we have ||/i||z/Ji(A r ) < Cr * n \\h\\ Lq(Ar) < Cr n. Since q is 
close to |, then ^ is close to 2+a. We obtain —2—5+^ > 0. As a result, ||/i||L«n(A r ) < Cr 
for some e 1 > 0. By /„ uW < Cr ei<? + C / VB mW. Therefore, / B u q dV = 0{ 



B 2r \B r ' J- , 



ei 



H4-12. t. 



for some e 2 > 0. Hence, sup| x | =r u(x) < Cr n ^ q (J A u q dV) l l q + Cr 5 = 0{r 
Since ~ — 5 < a, we get a contradiction. □ 

q q ' ' 

Now we apply Lemma [2] to the curvature equation derived by Lichnerowicz in 1950: 

ARm = V5Rm + Rm * Rm. (4) 

Proposition 3. Let n > 4. Suppose V k 5Rm = 0(r~ (/c+s+3 )) and VolB r (x) < C\r n . Then 
there exists e > such that if \\Rm\\ L n/2r Dr \ < e, 



sup 

D 2r 



\V k Rm\ < Cr- {k+2) \\ Rm || L « + cy- (fc+s+2) , 



where C = C(n, k, Ci, C s ). 

Proof. By fl4j), A\Rm\ > -C\Rm\\Rm\ - C\V5Rm\. By Lemma El the case k = holds. 
Inductively we have 

i-l 

AV'to = #m * V^m + (V m «2m + ^ V l Rm * V^Rm), (5) 

i-l 

A|VVRm| > -CliZmHVi&nl - C(| V i+1 ^m| + ^ | ^RmW^Rm]). (6) 

Assume for < i < k — lwe have pointwise bounds. Let be a cutoff function such that 

= 1 on B 2r \ B r and <fi = on -B r / 2 U -Dsr/2 with |V0| < Cr -1 . Multiplying ([5]) with 

1 = k — 1 by <j) 2 'V k ~ 1 Rm, we get (after applying Schwarz inequality for the cross term) 

J \(j)V k Rm\ 2 < J 2 | J Rm||V fc " 1 J Rm| 2 + J \ V0| 2 | V^Rm] 2 

r k-2 

+ / 4> 2 \V k - l Rm\{\V k 5Rm\ +^\V l Bm\\V h ~ x ~ l Bm\). 

J 1 1 



By induction hypothesis and the assumption on V k+1 5Rm, we have 

/ \V k Rm\ 2 < Cr - 2 ^ +n ( f \Rm\i)i + cy-^+^+n 

Hence, applying Lemma [2] (a) to the equation ([6]) with i = k and p = 2 (which is also 
true if we consider the domain B 2r \ B r instead of D r ), we get 

sup \V k Rm\ < Cr-%\\V k Rm\\ L 2 (B2r \ Br) +Cr-( k+s+ V < Cr~^ \\Rm\\ L n + Cr~ {k+s+2) . 

|x[=f 

Hence, sup D2r \V k Rm\ < Cr^ k+ ^ \\Rm\\ L % {Dr) + Cr^ k+s+2 \ □ 

The following ordinary differential inequality lemma will play an important role in 
proving Theorem [1] and [2j 

Lemma 5. Suppose f(r) > satisfies f(r) < — ^f'ij) + C r~ b for some a, b > 0. 

(a) a ^ b. Then there exists C\ > such that f(r) < C\r~ a + 9^ r -b Therefore, 

f(r) = 0(r- min{a ' b} ) asr-^oo. 

(b) a = b. Then there exists C% > such that /(r) < C\r~ a + aC r~ a \rLr. Therefore, 

f(r) = 0(r~ a In r) as r — > oo. 

Proof. By the equation, we have (f(r)r a )' = r a f'(r)+ar a ~ 1 f(r) < aCor~ h ~ l+a . Therefore, 
f{r)r a < d + aC J s- b ~ 1+a ds. If a ^ b, we obtain f(r)r a <C X + §§V~ 6+a . If a = 6, then 
we get f(r)r a < C\ + aCo lnr. Multiplying by r _a gives the result. □ 

We review some basic facts about Kahler, harmonic and (anti-)self-dual metrics. 

Let (M, g) be a Kahler manifold with coordinates Z 1 , Z m and an associated complex 
structure J. Then dz t = ^( e i~ V~^ e Ji) an d {ei, • • • , e m , ej\, • • • , ej m } is a basis in real 
coordinates. We give the relation of curvatures between real and complex coordinates; see 
[Hj. For 1 < i, j < m, we have that Rij = Rjuj is symmetric and Rijj = —Rjij is skew- 
symmetric (but note that Rijj = Rjji). Therefore, R = 2trRij. The Ricci curvatures 
in complex coordinates are Rz t z = Rij + y/~—^RiJji which satisfy the Bianchi relation 
R Zl z 3 ,z k = Rz k z 3 ^- Hence, 

RzfZ^ZkZ,, = Rz k z h ZiZ k = RzkZ^ZjZi + Rc(Z, Z) * R(Z, Z, Z, Z). 

If R is constant, then Rz k z k ,2jZi — \R,2jZi — 0. In real coordinates, we get ARc = 
Rc * Rm. (To be more precise, ARij comes from the real part and AR t jj comes from the 
imaginary part.) Moreover, 

RziZj,Z k — y^(^'' fc RiJj,Jk + V—^RiJj,k — V—^Rij,Jk)- (7) 



Let (M,g) be harmonic, i.e. Rijki,i = 0. By Bianchi identity this gives Rji t k = Rjk,i 
and R is constant. Therefore, Rij,kk — Rik,jk — Rkk,ij + Rc * Rm = Rc * Rm. Hence, we 
have ARc = Rc * Rm. Examples of harmonic metrics include Einstein, constant scalar 
curvature locally conformally flat and parallel Ricci curvature (i.e., V-Rc = 0) metrics. 

We turn to (anti-)self-dual metrics. In dimension 4, two forms can be decomposed 
into A 2 = © A 2 ., where A^A 2 ) is the eigenspace of eigenvalue +1(— 1) of the Hodge 
operator. Correspondingly, W is decomposed into W + and W~ called self-dual and anti- 
self-dual part. If W~ = (W + = 0), we call it a self-dual (anti-self-dual) metric. It 
can be shown [I] that if W~ = (or W + = 0), then := W ikj ij k + \RuWikji = 
ARij + V 2 R + Rc * Rm = 0. Hence, if R is constant, we have ARc = Rc * Rm. 

Since every metric satisfies (j4]), the above examples satisfy the following system: 

{ARc = Rc* Rm . . 

ARm = V5Rm + Rm * Rm = V 2 Rc + Rm * Rm. ^ ' 

The e-regularity result for (jSJ) was proved by Chen- Weber [TTj . 

Theorem 3. [77]/ Let n > 4. Suppose (M,g) satisfies Let q > n/2 and k be a 

nonnegative integer. Then there exists e > such that if J B \Rm\ n ^ 2 < e, we have 

([ \V k Rc\^ <C ir - k - 2+ ^(f \Rc\f)%, (9) 

JB r /2 J B r 

( f \V k Rm\ q )l < C 1 r-*- 2+ ?( I \Rm\%)%, (10) 

J B r /2 J B r 

sup \V k Rm\ < C 2 r- k - 2 \\Rm\\ L n (Brr (11) 

B r /2 

where C\ = Ci(C s , k, q, n) and C 2 = C 2 (C S , k, n). 



2 Scalar flat Kahler ALE manifolds 

We construct one parameter family of scalar flat Kahler metrics on the blow up of C m 
modulo Z p , which is a complex line bundle over CP m_1 . The construction bases on an 
idea by LeBrun [16J for n = 4. Let n = 2m. 



Proof of Proposition^ Let 4>{u) be a Kahler potential, where u = Y^iLi \ z i\ 2 - Thus, uj = 
\\^ldd(j)(u) = \\f—\gijdz % A dz> and gq = 4>'(u)5ij + 4>"{u)ziZj. Let ip = lndet gq. We 
have ip = In (0 / (-u) m ~ 1 (0'(M) + cf)"{u)u)) . Then the scalar-flat equation becomes 



<p [uj + <p {U)U 

In other words, we plan to solve 

mcj) 1 \u)ip' \u) + (m — 1)0" {u)%l)'{u)u + <f> {u)ip" \u)u = (12) 
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together with ijj = In (0 (u)" 1 - 1 (ft (u) + • 
We observe that 

[(t)'{u) m - l u m i)'{u)^ = u m ^(t)'{u) m - 2 [m(t)'{u)i)'{u) + (m - l)0"(u)V>'(u)u + 0'(w)^»w]. 
Hence, f }T2l) is equivalent to 

0'(u) m -y (u)w m = a 

with -0 = In (0 / (m)' 71_1 ((/) / (m) + <j)"(u)u)) , where a is a constant. Let y(u) = u<p'{u). Then 
■0 = In y um -i and ^' = in ^-y' + y"{y')~ l — The equation becomes 

ay' = (m - l)m/ m -%') 2 + 2/ m ~ V - (m - l^V = (n^V - y m ) '. 

Thus, 

l/ m + «y + /? = ^ m "V. (13) 

Formally, we get 

ln M= / . (14) 

J y m + ay + (3 

To express the metric, note that the standard metric on § 2m_1 is decomposed into go, 
the standard metric on CP m_1 , and /io> the metric along the fiber (the Hopf map). Hence, 
ds 2 = y'[(dy/u) 2 + uh] + yg . Let y = p 2 . By (TTJ), we have y\d^/u) 2 = y'^^du 2 = 
JLdp 2 = (1 + ap^ 2 ^- 1 ) + (3p- 2m )dp 2 and y'u = p 2 (l + ap" 2 ^" 1 ) + /3p" 2m ). Thus, 

ds 2 = (1 + ap- 2 ^- 1 ) + $p- 2m Y x dp 2 + p 2 (l + ap' 2(m ~ x) + /3p- 2m )/i + pV (15) 

We exhibit some special solutions which give complete metrics. Let a = (p— m)a 2 ^ m_1 ) 
and = (m — 1 — p)a 2m . The metric in ffl5l) is defined for p 2 > a 2 . When m — 2, they 
coincide with the metrics in |16j . We have 

y m + ay + (3 = {y - a 2 ){y m ^ + a 2 y m - 2 + ■■■ + a 2(m - 2) y + (p + 1 - mja 2 ^^). 

Therefore, y J' +ay+ f 3 > and ( CHI) is invertible for y G (a 2 ,oo) (and w G (0, oo)), which 
gives implicitly 4>'(u) = u~ 1 y(u) and 4>(u). We show that the metric is complete on the 
blow up of C m module Z p . Denote h = d6 2 . Introducing the coordinates f 2 = p 2 — a 2 and 
6 = p9. We get dp 2 = fi r +ai dr 2 and 

^ 2 | fibcr = (1 - (-) 2 )- X (l + (-) 2 + • • • + (-) 2(m " 2) + (P + 1 - m)(-) 2 (- 1 ))-Mp 2 
P P P P 

+p 2 (l - (-) 2 )(1 + (-) 2 + " " " + (-) 2 ^~ 2 ) + (p + 1 - m)(-) 2 ^)d6 2 
P P P P 

= (1 + ^TT + • • • + (^T) (m ~ 2) + (P + 1 - m)(^^)(- 1 ))- 1 df 2 
r 2 + a r 2 + cr r z + a 

+^ (1 + + " " " + (^r) (m - 2) + (P + 1 - m)(^— 2 y m -v)d§ 2 . 
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When f^0,(l + i 4^ + -- - + (^) (m - 2) + (p + 1 - mX^)^ 1 )) - p. Therefore, 
o^s 2 |fiber — * p^ 1 (dr 2 + f 2 d6 2 ) . The metric restricted to the fiber is smooth across the origin. 
Thus, the metric is complete. 

This process is compatible with the complex structure. We identify the complex 
plane with the quotient of a fiber through ( — > ( , Cl , • • • , , Cm 2 )C^- Since 



i^-a^^+Z.o.t., by (H3D, u = C(y -a 2 )? +l.o.t. = fp+l.o.t. Hence, |C| = u% = f + l.o.t. 
Since the Kahler condition is a closed condition, the metric is a complete Kahler metric. 

In special cases when p = m — 1 or m, <f)(u) can be explicitly written down. 

p = m. The formula ({TBI becomes y m — a 2m = y m ^ 1 uy'. Therefore, u = (y m — a 2m )™ 
and hence y = (a 2rn + u m )™. We have <f)'(u) = (1 + a 2m u~ m )™ . The Kahler potential is 
the Calabi's solution [6J : c , m (u) =d 2 (a-V+l)H^5 1 M( fl " 2m «"' + 1 )™-') , )l ) . 
where r] = e 2m l m is the m-th unit root. 

p — m — 1. The formula ffl3|) becomes y m_1 — a 2 *" 1 " 1 )?/ = y m ~ 2 uy' . Therefore, u = 



{y m - 1 -a 2 ^ n -^)^ and hence y = (a 2( * m -^ +u m ~ 1 )^ . We have <j>'{u) = {\+{a 2 u~ 1 ) m ~ 1 )^ 
The Kahler potential is Cjm _i(tt), the Calabi's solution in dimension m — 1: 

= 0c, m -i = a^a-^-^^ + l^ + ^E™"^^ 
where 77 = ^WO™- 1 ) j s the (m — l)-th unit root. □ 

Finally, we remark on the volume expansion of the metrics constructed. When r — ■> 00, 

Vol{p < r) = J{l + {m- ^ap- 21 ™- 1 ')/™- 1 ^^-! + l.o.t. 

= \§ 2m - 1 \(^p 2m + \(m- 3 -)ap 2 + l.o.t.), 

where m > 2. The coefficient in front of p 2 changes sign (depending on p). This is related 
to the fact that the mass for scalar flat ALE manifolds is not nonnegative [16J. 



3 Algebraic inequalities for curvature tensors 

We derive two general algebraic inequalities for Riemannian curvature tensors. Then we 
prove special inequalities for Ricci curvatures of constant scalar curvature Kahler and 
(anti-) self-dual metrics. 

In this section, the letters {i, j, k, 1} are indices from 1 to n and {a, b, c, d} are from 2 
to n unless otherwise noted. 

Lemma 6. Let n > 3. There exists C = C(n) such that for any metric, 

sup iV^ml 2 < iV^ml 2 + C\5Rm\\VRm\ + C\5Rm\ 2 . 

\v\=i n + 2 
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Proof. Let {ei = v , • • • , e n } be an orthonormal basis at the point. The curvatures Rijki,i 
consists of three different kinds: / = {-Ri a i fe ,i, Ri a bi,i, -••}, H = {Riabc,i, R a ibc,i, ■} and 
III = {R a bcd,i, • • • }, where Riju has 2, 1 and indices of 1 respectively. Note that 

|V 1 iH 2 = ^4| J R lafec , 1 | 2 + Yl \Rabcd,l\ 2 + J2 4 \ R ^b,l\ 2 - 

a,b,c a,b,c,d a,b 

For II, by R labc>1 + Ri a u,c + Riaci,b = and R labcA + Y,d R dabc,d = SRm, we get 

lalb,c\ 2 + \Rlabl,c\ 2 ) — 4^4|_Ri a i fejC | 2 , 

a,b,c a,b,c a,b,c 

^4|i? lafcCil | 2 < 4j2\J2 Rdabc ' d \ 2+c \ 6Rm \\ VRm \ +c \ 6Rm \ 2 

a,b,c a,b,c d 

< 4(n-2) \Rdabc,d\ 2 + C\5Rm\\VRm\ + C\5Rm\ 2 . 

Therefore, 

^4| J R la6c , 1 | 2 < |^4^4| J R lalfe , c | 2 + i -^4(n-2) £ \R dabc4 \ 2 

a,b,c a,b,c a,b,c,d 

+ C\8Rm\\VRm\ + C\5Rm\ 2 

< ^(^4| J R lalb , c | 2 + 2\Rdabc,d\ 2 ) + C\5Rm\\VRm\+ C\5Rm\ 2 , 

a,b,c a,b,c,d 

where we use that fff < % . Since EaAM 2 !^^! 2 < J2 aMe \Rabcd,e\ 2 , w e get 
^4| J R labCil | 2 < ^(^4| J R lalfe , c | 2 + \Rabcd, e \ 2 ) + C\SRm\\VRm\+C\5Rm\ 2 . 



a,b,c,d,e 



For / and III, by R a bcd,i + R a bic,d + R a bdi,c = and R ia ib,i + J2 c R caib,c = 5Rm, we 
have 

^ |-Rafecd,l| 2 < 2 ^ (|-Rablc,d| 2 + |-Rafecil,c| 2 ) = ^ 4|_R labCjrf | 2 , 
a,b,c,d a,b,c,d a,b,c,d 

$>|i? lalM | 2 < 4^|^i? calfeiC | 2 + C|5 J Rm||Vi?m|+C|(5 J Rm| 2 

a,6 a, ft c 

< 4(n - 2) \ R caib,c\ 2 + C|(Ji2m| | VRm\ + C|<5i?m| 2 . 

SinCe T.a,bJ R calbA 2 < lE.b.cJ^lafecrfl 2 , ™e get 



Y \ R abcd,i\ 2 + ^4| J R lal6 , 1 | 2 < ^ Y M R iabc,d\ 2 + C|(Ji2m||Vi2m| + C\6Rm\ 2 . 



n 
2 

a,b,c,d a.b a,b,c,d 



Combing inequalities of I, II and III and noting that E a | V a -Rm| 2 = E a b c 4|-Riaif>,c| 2 + 

T,a,b,cAe \ R ^e\ 2 + E a ,b, C ,dM R labc,d\ 2 , ™ obtain |V ' 1 Rm\ 2 < f Ea |V ' a Rm\ 2 

+C\5Rm\\V Rm\ + C|5i?m| 2 . Adding ||Vi-Rm| 2 on both sides gives the inequality. □ 
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Lemma 7. Let n > 4. There exists C = C(n) such that for any metric, 

n — 1 
n + 1 



M=i 

and therefore, 



71 — 1 

sup \V V W\ 2 < |W| 2 + C|cW||W| + C\5W\ 2 , 



2 , n - 1 



sup IVJH 2 < |V7?m| 2 + C\VRc\\VRm\ + C\VRc\ 2 . 

\v\=i n+1 

Proof. We recall some basic facts about curvatures. Let A = -^^(Rc — 2 {n-i) 9^' Then 
Rijki = Wijki+Aikgji+Ajigik-Augjk-Ajkgu. In a short hand, we write Rm = W+AQg. It 
is known that \Rm\ 2 = \W\ 2 +\A&g\ 2 . Moreover, (5W) jk i = = (n-3)(A jl>k -A jktl ). 

Using the second Bianchi, we have 

= W ijk l,m + W ijmk ,l + Wijlm^k + dA® g = W ijk l,m + W ijmk ,l + Wijl m)k + SW <g> g, 

where (dA)j k i = Aj^ k — Aj k j and dA ® g represents tensor products of dA and g. 

Let {ei = v , • • • , e„} be an orthonormal basis at the point. W^-^i consists of three 
kinds: I = {W lalbjl , W labljl , •••},// = {Wi^i, ^ a i bCi i, • • • } and 777 = {W abc(M , • • • }, 
where Wij k i has 2, 1 and indices of 1 respectively. Without loss of generality, we may 
assume W lalb>l is diagonal. Note that \ViW\ 2 = T, a bc 4 \ w iabc,i\ 2 + T, a bcd\ W abcd,i\ 2 + 

In what follows, the summation over {a / 6 ^ c} represents the summation over 
distinct a, b, c and the summation over {a, b, c} represents the summation over all triples 
{a,b,c} (without the order). 

For II, note that £ abc MW labCtl \ 2 = ^ MW labCtl \ 2 + £ a _, 6 8\W labaA \ 2 . Since 
W labc>1 + W lalbtC + W lacltb = 5W <S> g and W labc>1 + J2 d w dabc,d = SW, we get 

MWiabc,i\ 2 < MW lalb , c -W lalc , b \ 2 + C\5W\\VW\ + C\5W\ 2 

= J2 8 (\ W lalb,c ~ W lalcfi \ 2 + \W lbla , c - W lblCta \ 2 + \W lcla , b - W lclb , a \ 2 
{a,b,c} 

+C\6W\\VW\ + C\5W\ 2 . 

Therefore, 

4|^ lafec>1 | 2 < 24 5^ (|V^ lal& , c | 2 + |V^ lalc , 6 | 2 + |V^ 16 i c ,«| 2 ) + <^|5V^||Wl^| + C|^T^| 2 

ciy+by^c {a,b,c} 

= 3 ^\W lalbtC \ 2 + C\5W\\VW\ + C\5W\ 2 . 

ay^by^c 

On the other hand, for n > 5 

MW labcA \ 2 < J2 Mj2w dabc4 \ 2 + C\5W\\VW\ + C\5W\ 2 

ay^by^c ay^by^c d 

< 2(n-2) J2 2\Wdabc,d\ 2 + C\5W\\VW\ + C\5W\ 2 . 

Cly^by+C,d 
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Hence, 



C\5W\\VW\ + C\5W\ 2 

Y 



<^(£4|WW| 2 + £ 2|H/, afec , d | 2 ) + C , |5iy||VH/|+C|5H/| 2 , 

a^bj^c a^by^c,d 

(16) 



where we use • 3 < ! ^ for n > 5. For n = 4, 

4n— 8 — 2 — 



£ MWiabc,i\ 2 < 3j2Mw laU ,c\ 2 + c\sw\\vw\ + c\6w\ 2 

a^by^c ay^by^c 

< 3 £ 4|H/ da , 6iC | 2 + C|5iy||VH/| + C|5H/p 



Therefore, 



£ 4|H/ labCil | 2 < ^( £ MWiaib,c\ 2 + £ MW dad b,c\ 2 )+C\6W\\VW\+C\5W\ 2 . (17) 

aj^by^c ay^bj^c ay^bj^c,d 

For ^ a _^ b Sliyiah^il 2 , by Cauchy inequality we have 

J2 8 \ W ^a,l\ 2 < J2MWlalb,a- W lala>b \ 2 + ^ 4\W baba , b + ^W daba4 \ 2 
dy^b aji-b ay^b dy^b 

+ C\5W\\VW\ + C\5W\ 2 

< 4£(^(|H/ lalM | 2 + | £ W daba>d \ 2 ) + ^±(\W lala , b \ 2 + \W baba<b \ 2 )) 

a^b dytb 

+ C\8W\\VW\ + C\5W\ 2 . 

Thus, 

£8|H/ labail | 2 < ^^(8|^ lalb ,J 2 + 4|^ lala , b | 2 + 4|H/ fca6a , b | 2 ) + ^ £ 8\W daba4 \ 2 

ay^b ay^b dj^by^a 

+ C\5W\\VW\ + C\5W\ 2 . (18) 
Combing (TTSD, (TT7D and (HHJ), we get 

£4|WW| 2 <^( £ |W abcd , e | 2 + £4|Vy lalb J 2 ) + C'|^||Viy|+C|5H/| 2 . 

a,fe,c a,b,c,d,e a,b,c 

For I and III, we separate the terms into two types. By 

W abcdA + W abXC}d + W abdlfi = 5W ®g, and W lalaA + £ W cala , c = SW, 



c 
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we first have that 



{a,b}¥={c,d} {a,b}¥={c,d} {a,b}^{c4} 

The remaining terms in III plus the terms in I are 
E 4 I^Wl 2 + \W abcdA \ 2 

a {a,b}={c, d } 

< 4 E I E W cala,c\ 2 + 4 J2 \ W -bab,l\ 2 + C\SW\ \VW\ + C\5W\ 2 

a c a<b 

< 4^|^V ca i a , c | 2 + 4 E l™W + W ^,a\ 2 + C\5W\\VW\ + C\6W\ 2 . 

a c a<b 

Define an (n — 1) x (n — 1) matrix by M ab = W ab ib,a- Then M a b = when a = b and 
J2b M a b = for all a. 

Claim: £ a | £ c M ca | 2 + £ a<fe |M ba + M afc | 2 < (n - 1) E a , b l^| 2 - 
Assuming the claim, we get that 

4 E I E ^Wl" + 4 ^ \W bala>b + W ablb , a \ 2 < 8 l^i^ I'- 

a c a<fe a,b 

Note that Ea|Va^| 2 = EaAe 4 l^ lalb , c | 2 + Ea,6,c,d, e I ^« I ' + Ea,b,c, d 4 1 ^Wl 2 and 

S{a,6}^{ c ,d} 4|W / i ca6id | 2 + ^ aife 8|W / i baf)ia | 2 < S 0i6>Ci<i 4|Wi a 6c,d| a . Now combing inequalities of 
I, II and III, we obtain |Vi^| 2 < ^J2 a \V a W\ 2 + C\5W\\VW\+C\5W\ 2 , which proves 
the first part of the lemma. The second part follows by the curvature decomposition 
|VFm| 2 = \S7W\ 2 +\S7A®g\ 2 . 

It remains to prove the Claim. We use Lagrange multiplier to estimate the maximum 
o f F = Ea I Ec M ca\ 2 + E a <b \M ba + M ab \ 2 under the constraints H = E a ,b |M ab | 2 -l = 
and H a = E& M ab = for (n — 1) x (n — 1) matrices M a h satisfying M ab = when a = b. 
At a critical point, we have VF = \ VH Q + E a ^aVH a . Therefore, 

M ab + M ba + E M cfe = A M ab + y . (19) 

c 

Fixing a and using H c = 0, we get Y. b M ab + Y.b M ba + Y,b^a E c M cfe = J2 b M ba~Y, c M ca = 
(n — l)4f- Hence, A a = for all a. Thus, VF = \ VHq. This is the equation for the 
quadratic polynomial F under the constraint Hq = 0. Therefore, the maximum of F is 
the maximum of A . Going back to (|T§J), we have Y^ a M °k + Y^ a M ba + ^2 a ^b^2c M cb = 
(n - l)E a M ^ = A E a M ab . Hence, either A = n - 1 or £ a M afe = for all b. If 
J2 a M ab = for all b, then F = £ a<b |M ba + M afc | 2 < 2 ^ aj6 |M ab | 2 = 2 < n - 1. Thus, we 
conclude that F < n — 1. □ 
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We remark that for Ricci flat manifolds, it was shown in [2], [5] that |V| | 2 < 



Now we study special cases when g is Kahler or self-dual with constant R. We will 
show that sup H=1 \V v Rc\ 2 < ^\VRc\ 2 , which is stronger than | V|i?c| | 2 < ^\VRc\ 2 . 
It was shown in [26J that in dimension 4 for metrics satisfying 5W + = with constant R, 
it holds |V|J?c|| 2 < ||Vi?c| 2 . 

Lemma 8. Let n = 2m > 4. Suppose g is Kahler and R is constant. Then 

sup (V^cl 2 < — — |Vi?c| 2 . 
M=i n + 2 

Proof. Let {ei = v, ■ • • , e m , Jei, • • • , Je m } be an orthonormal basis at the point. The 
letters i,j, k, I are indices from 1 to m and a, b, c, d are from 2 to m. The curvatures V±Rc 
consists of three different kinds (if m > 3 only the first two kinds): / = {Ra^}, II = 
{Ru,i,RiJa,i}, and III = {R ab>1 ,R aJbjl ,foxa < b}. Note that \VRc\ 2 = E 4 |V 4J Rc| 2 + 
EjJVj^cI 2 and 



IV^c) 2 = ^ 2(1^,1 1 2 + \R tJj ,i\ 2 ) = 2 \ R ^\ 2 + A (\ R ib,i\ 2 + \ R iJb-l \ 

ij i l<i<b 

For I, by © and R Za z a ,z x = Rz 1 z a ,z a ^ we § et 

Raa,l = R\a,a + R\Ja,Jai and R aa ,Jl = R\a,.Ja ~ Rlja.a- 

Therefore, using ^ Ru is constant we have 

J2 2 \ R n,i\ 2 = 2|^i? aail | 2 + 2^|i? aail | 2 <2m^|i? aajl | 2 



1 2\ 



2mJ2\ R la,a + RlJa,Ja\ 2 < 771 ^ 4( | R la>a \ 2 + | R X J a . 



J a 



|2\ 



For II and III, let 1 < i < b < m. By (JTl) and R Zb z^z x = Rz x Zi,z b , we get 

Rib,l = RiJbJl + Rli,b + R\Ji,Jb, and Rijb,l = —Rib,Jl — RlJi,b + Rli,Jb- 

Therefore, 

Rib,i = R\jb,ji + Rix,bi and R\jb,i = —R\b,ji + R\i,jb- 
Using \R n , b \ 2 < (m - 1) I^W| 2 and 8^ < 2m, II becomes 

4(|_Ri aj i| 2 + |-RlJ a ,l| 2 ) < 8 ^(|-Rll, a | 2 + |-Rll,Ja| 2 + \RlJa,Jl\ 2 + \Rla,Jl\ 2 ) 
a a 

< 8 V^(|-Rij,a| 2 + \Rii,Ja\ 2 ) + 8 y^(|-RlJa,Jl| 2 + \Rla,Jl\ 2 ) 

m z — ' z — ' 

< m^2(|i? ii , a | 2 + | J R iiiJa | 2 )+m^4(| J R 1JaiJ1 | 2 + | J R laiJ1 | 2 ). 



i, a 
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Similarly, for 1 < a < b < m, 

Rab,l = RaJb,Jl + Rla,b + RlJa,Jb, and R a Jb,l = ~Rab,Jl ~ R\Ja,b + Rla,Jb- 

And III becomes 

Y,4(\Rab,l\ 2 + \RaJb,l\ 2 ) =Y; 4 (\ R 

ajb,jl + Rla,b + RlJa,Jb\ + \Rab,Jl + Rlja,b ~ Rla 

a<b a<b 

— 171 ^(\RaJb,Jl\ 2 + \Rab,Jl\ 2 + \R\a,b\ 2 + \RlJa,b\ 2 + \R\Ja,Jb\ 2 + \R\a 



Jb 



a<b 



where we use m > 3. (Note that when m = 2, there is no terms in III.) 
Combining I, II and III (when m = 2, combining only I and II), 

|Vii?c| 2 < m(^2(|i? ii , a | 2 + | J R iiiJa | 2 ) + ^4(| J R laib | 2 + | J R 1Jaife | 2 ) 

i,a a,b 

+ 4 (I^Mi! 2 + \RiJb,Jj\ 2 )) < \V a Rc\ 2 + \VjiRc\ 2 )- 

l<i<b,j a i 

Adding m\W\Rc\ 2 on both sides gives the inequality. □ 

We consider a weaker condition 5W~ = (5W + = 0) than (anti-) self-dual. 
Lemma 9. Let n = 4. Suppose 5W + = (or 5W~ = 0), and R is constant. Then 

2 

sup \V v Rc\ 2 < -\VRc\ 2 . 
H=i 3 

Proof. We will prove the case when 5W + = 0. The proof for the case 5W~ = is similar. 
Let {ei = v, e 2 , e%, e 4 } be an orthonormal basis at the point. The indices k are from 
1 to 4 and a, b, c are from 2 to 4. Without loss of generality, we may assume R a b,i is 
diagonal. Hence, R%i,i consists of two different kinds: I = {Ra 7 i} and II = {Ri a ,i, Rai,i}- 
Since 5W + = 0, we have \dRc = dA = 5W = SW~ E T*M g> A 2 . Therefore, dRc is 
perpendicular to A+ . Recall that a basis for A+ is {-^(ei A e 2 + e 3 A e 4 ), ^(ei A e 3 — e 2 A 
e 4 ), ^ (ei A e 4 + e 2 A e 3 )}. Hence, we obtain the following twelve equations: 

-R«2,l = -Ril,2 + -Ri3,4 — -Rj4,3; 

Ri3,l — Ril,3 + Rii,2 — Ri2,Ai (20) 
RiA,l — Ril,A + -Ri2,3 ~~ Ri3,2i 

for z = 1, • • • , 4. 

For terms in I, by ( |20l) we get 



-^22,1 = -Rl2,2 + -^23,4 — -^24,3; 

-^33,1 = -Rl3,3 + -^34,2 — ^32,4, 

i?44,l = -"44,4 + -^42,3 — -^43,2, 

Rll,l — —R-12A — R'33,1 ~ RteA — —Rl2,2 ~ Rl3,3 ~~ -^14,4- 
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Therefore, 

|-Rll,l| 2 + 1-^22,1 1 2 + 1-^33,1 1 2 + 1-^44,1 1 2 
= 4(|i?i2,2| 2 + |-Rl3,3| 2 + |-Rl4,4 1 2 + |-R23,4| 2 + 1-^24,3 P + 1-^34,2 | 2 ) ~ (#23,4 + #24,3 + #34,2^ 

— (#12,2 — #13,3 — #23,4) 2 — (#13,3 ~~ #14,4 — #34,2) 2 — (#14,4 ~ #12,2 ~ #24,3) 2 
< 4( | -Rl2,2 1 2 + I -Rl3,3 | 2 + |-Rl4,4 1 2 + |-??23,4| 2 + |-f^24,3 | 2 + |-??34,2 | 2 ) • 

For II, using (|20|) again and the Bianchi identity #21,1 = —#22,2 — #23,3 — #24,4, we get 

|#12,l| 2 + I -^21,1 1 2 = |#11,2 + #13,4 — #14,3 | 2 + |#22,2 + #23,3 + #24,4^ 
= 2(|i? 11)2 | 2 + | i?22,2 | 2 ) + 4(|-Ri 3)4 | 2 + |-Rl4,3 1 2 + 1-^23,3 | 2 + |-??24,4 1 2 ) ~ 2(#i 3j 4 + #14,3) 2 

— 2(#23,3 — i?24,2) 2 — (#11,2 + #14,3 ~ #13,4) 2 ~~ (#22,2 — #23,3 — #24,4) 2 
< 2(| J R 11 , 2 | 2 + l^l 2 ) + 4(|i2 13 , 4 | 2 + |#14, 3 | 2 + |#23, 3 | 2 + |^24, 4 | 2 ). 

Similarly, we also have 

|#13,l| 2 + 1-^31, l| 2 < 2(|i?n )3 | 2 + |#33,3| 2 ) + 4(|-Rl2,4| 2 + |-Rl4,2 | 2 + 1-^32,2 | 2 + |#34,4| 2 ), 
|#14,l| 2 + 1-^41,1 1 2 < 2(|-Rn i 4| 2 + |#44,4| 2 ) + 4(|i?i2,3| 2 + |-f?13,2 | 2 + |-??42,2 | 2 + |-??43,3 1 2 ) • 

Adding the above three inequalities and the one from I together, we get |Vi#c| 2 < 
2 Ea |V a #c| 2 . Therefore, |Vi#c| 2 < §|V#c| 2 . □ 

4 Proofs of Theorem H [2] and Proposition [2] 

Proof of Proposition Note that VjX J = 5ij + T * X. We compute 

I (AT,X i V i T)dV = - I (V i T,V j (X*V i T))d\/ + I {V u T,X l V {T)da 
Jn Jn Jan 

= - I (V j T,V j T + T*X* VT + X i V j V i T)dV+ [ (V^XWi^da, 
Jn Jan 

where v is the unit outer normal. Exchanging the derivatives, we get 

f (AT, X^i^dV < - I (Vj-T, VjT + T * X * VT + X l ViVjT + X*Rm* T)dV 
Jn Jn 

+ [ (VuT^X'ViT) da 
Jan 

= [ (-| VT| 2 - -X^VilT] 2 + VT * VT * T * X 
Jn 2 

+ VT*T*X *Rm)dV + [ (V„T, X^^da. 

Jan 
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Therefore, 



(AT,X l ViT)dV = I [ r ^^\VT\ I + VT*VT*T*X + VT*T*Rm*X)dV 
+ 



/ (V^X'ViTjda- [ l-(X,v)\VT\ 2 da. 
Jan Jan * 



□ 

Now we are ready to prove the main theorems. 

Proof of TheoremUi By Bando-Kasue-Nakajima [2], if \Rm\ = 0(r _( ^ 2+a - ) ), then there 
exist coordinates of order a. The problem boils down to estimating the decay of |i?m|. 

Let D r be the complement of the geodesic ball of radius r. Applying Lemma [2] to (J4]) 
we have \Rm\ e L2 7 . Moreover, by Lemma[2](a) withp = an d the Sobolev inequality, 

supLRml < Cr-^\\Rm\\ 2n + Cr'^ s+2) < CV^IlV 'Rm\\ L 2 (D } + CV" (s+2) . (21) 

L n ~ 2 (D r ) ' 



D 2r 



The formula (12"TT) passes the decay of f D \VRm\ 2 dV to that of \Rm\. We will use Po- 
hozaev's identity and apply ODE estimates (Lemma |5| to f(r) = j D \WRm\ 2 dV to get 
the decay of f{r). Then apply the above regularity, 
(a) Case 1. n > 5. 

By Lemma [2], we get that \Rm\ = O(r~ ao ) for all ao < min{n — 2, s + 2}. Therefore, 
ao > 0. By Proposition [31 we have |V fc -Rm| = O(r~( ao+k ^). By [2], there exist coordinates 
x and < 5 < 1 such that C~V < |ac| < Cr, \g - 6\ = 0(\x\~ s °) = 0(r~ s °) and 
\dg\ = 0(|x| _<5(,_1 ) = O(r~ <5o_1 ), where 5 is the standard metric on the Euclidean space. 
Since distances \x\ and r are equivalent, we will still denote \x\ by r and denote by D r 
the complement of the coordinates ball of radius r and by S r the coordinates sphere of 
radius r. 

Applying Proposition [2] with T = Rm and Q = D r and using (j3J), we obtain 

/ (V5Rm * X * VRm + Rm * Rm * X * VRm)dV = / AR ijM X p R ijkl:P dV 

J D r J D r 

f n — 2 

> / ( \V Rm\ 2 - C\S7 Rm\ 2 \T\\X\ - C\V Rm\\Rm\ 2 \X\)dV 

JD r 2 

+ / VpRijki,pX q Rijki,qda — / -jX k v k \ VRm\ 2 da, 

J St ** St 

where v is the unit outward normal. Note that v = — — + 0(r~ s °). Hence, 
I ^—^\\/Rm\ 2 dV<f C(\VRm\ 2 \T\\X\ + \VRm\\Rm\ 2 \X\ + \V5Rm\\X\\VRm\)dV 

J D r ^ J £) 



D r 

+ r I \V u Rm\ 2 da-r [ ^\VRm\ 2 da + C / | VRmfr^da. 



(22) 
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By Lemma [6] the above formula becomes 
n- 2 



D r ^ J D 



n 



\VRm\ 2 dV < / C(\VRm\ 2 \T\\X\ + \VRm\\Rm\ 2 \X\ + \V5Rm\\X\\VRm\)dV 

J D r 

. l + Cr~ 5o )r [ \VRm\ 2 da + r [ C(\5Rm\ 2 + \5Rm\\V Rm\)da. (23) 
n + 2 2 / y^ y^ 

Using |V fc 5i?m| = 0(r~( fc+s+3 )) and \VRm\ = O(r-( ao+1 )), we have 

_|_ Q^ r -(2s+6-n) _|_ r -(4a -2-n) _|_ r -(2a +2-n+<5 )^ 

Hence, for some e' small 

/ \VRm\ 2 dV <(n+2-t')- l r f | V J Rm| 2 rf(T+0(r- (2s+6 - n) +r- (4a(, - 2 ~ n) +r- (2ao+2 - n+,5o) ). 

(24) 

When s > n — 2, we have 2a^ + 2 — n + <5 > 2s + 6 — n > n + 2. If n > 6, then 
4ao — 2 — n = 3n — 10 — e > n + 2 — e' by choosing e <C e'. Hence, by Lemma with 
f(r) = f D | V-RmprfV, we have J D \ VRm\ 2 dV = 0(r~( n+2 ~ e )). Since \x\ and the geodesic 
distance are equivalent, we can apply (I2T]) to the complement of the coordinates ball D r . 

Thus, |flm| = 0(r~( n -^) + r~( s+2 )) = 0(r^ n -^). Therefore, \Rm\ = 0{r~ a ) for all 
a < n. If n = 5, 4«o — 2 — n = 5 — e<n + 2 — e' = 7 — e'. Again, by Lemma [5] we 
get J Dr iV.Rml 2 ^ = 0(r~( 5 - f )). By (J3U), |i?m| = 0(r~^-^). Go back to (J23D now with 
a = 4 - §. Then 4a - 2 - n = 9 - 2e > n + 2 - e' = 7 - e'. By Lemma [5] and pT]) . we 

finally obtain |i2m| = 0(r _ ( 5 ~^) and hence |i?m| = 0(r~ Q ) for all a < 5. This completes 
the proof for s = n — 2. 

When s > n - 2, by ([22]) with |i?m| = 0(r~ Q ) and \VRm\ = 0(r~( Q+1 )) (by Proposi- 
tion [3]) , we have 

/ 0—l\VRm\ 2 dV < (j^--\rf \VRm\ 2 da 
Jd t 2 \n + 2 2 J J Sr 

+ 0( r -( 2a + 2 + s o-n) _|_ r -(2s+6-n) _|_ r -(a+s+A-n) _|_ r -(3a-n)\ 

Let a = n — e be close to n. Then 2a + 2 + 5$ — n,2s + 6 — n,a + s + 4 — n and 3a — n are 
all strictly larger than n + 2. Hence, J D \VRm\ 2 dV < (n + 2) -1 r J 5 | VRm\ 2 da + 0(r _/3 ) 
for some /? > n + 2. By Lemma and (12 ip again, |i?m| = 0(r _n ). 

When n — A < s < n — 2, we have 2a + 2 — n + <5 , n + 2 — e' > 2s + 6 — n. If 
n > 6, then 4ao — 2 — n = 3n — 10 — e> 2s + 6 — n. Applying Lemma [5] to ([24]) gives 
J Dr \WRm\ 2 dV = 0(r-( 2s+6 -")). Thus, |#m| = 0(r~( s+2 )). If n = 5 and 2s + 1 < 5, then 
2s + 6 - n < 4a - 2 - n = 5 - e. By LemmaEl ([24]) and ([21]), we get \Rm\ = 0(r~ (s+2) ). 
If n = 5 and 2s + 1 > 5, then 2s + 6 — n > 4a — 2 — n = 5 — e. Hence, |i?m| = 
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0(r ( 4 2)). Applying the same argument to (1241) with «o = 4 — |, we finally arrive at 
\R m \ = 0(r- (s+ V). 

When s < n — 4, we have n + 2 — e', 2«o + 2 — n + 5o > 2s + 6 — n and 4«o — 2 — n = 
As + 6 - n - e > 2s + 6 - n. By Lemma 0, (JM} and ([21]), we get |i2m| = 0(r^ s+2 )). 
Case 2. n = 4. 

Consider the equation (J4J). By Lemma [2] (a) and Proposition [31 we have 

\Rm\< Cr- 4/p \\Rm\\ LP + Cr- (2+s \ 
I \VRm\ 2 dV <Cr~ 2 I \Rm\ 2 dV + CV~ 2(s+1) , (25) 

for p > 1. Since \Rm\ 2 is integrable, let J D \Rm\ 2 dV = eo(r) 2 , where eo(r) — > when r — > 
00. Therefore, by [25], we have |g — 5\ < Ce (r), \dg\ < Ce Q (r)/r and \Rm\ < Ce (r)/r 2 . 
By ([23]), (noting that v = -f + o(l), then r" 50 becomes e (r) in (123]) ) 

/ |Vi?m| 2 ^< / C(|Vi?m| 2 |r||X| + |Vi2m||#m| 2 |X| + |V£Rm||X||V#m|)dy 
+ (i + Ce (r))r / \VRm\ 2 da + r [ C(\5Rm\ 2 + \5Rm\\VRm\)da. (26) 



Let A r = {x : r/2 < |x| < 3r/2}. By ( |25j) and Sobolev inequality, 



\VRm\\Rm\ 2 rdV < Cr\\VRm\\ LHAr) \\Rm\\l HAr) < Cr\\VRm\\t 2{Ar 
< C(\\Rm\\ LHAr) +r- s )\\WRm\\ 2 L2(A& 

Hence, 

\VRm\\Rm\ 2 \X\dV < C(e (r) + r" s ) || VRmf L , {Dr 



D r 



Now (I26p becomes 



(l-eo(r)-e) / |Vi?m|W < C \V5Rm\ 2 \X\ 2 dV 

' D r JD r 



+ (e + ~ + Ce (r))r / |V-Rm| 2 rf(7 + r / C\SRm\ 2 da 

J Sr J Sr 



for some e > small. Thus, by \V k 5Rm\ = 0(r~( s+3+fc )) for some e' small 
! \VRm\ 2 dV ^(Q-e')-^ [ \VRm\ 2 da + 0(r^ 2s+2 ^. 

J Df J Sf 



(27) 



When s > 2, we have 2s + 2 > 6. Hence, by Lemma [5], we have J D \VRm\ 2 dV = 
0( r -(6-6')). By (T2I]), |ifcn| = 0(r-( 4 "^)). Therefore, \Rm\ = 0{r- a ) for all a < 4. This 
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completes the proof for s = 2 case. When s > 2, now \Rm\ = 0(r~ a ) for a = 4 — e. Thus, 
by [2] there exist coordinates such that \g — 8\ = 0(r~ s °) and \dg\ = 0{r~ s °~ l ) for some 
fixed 5 . The rest of the argument is exactly the same as in Case 1 (n > 5), s > n — 2. 
We have 



f \VRm\ 2 dV <-r I \VRm\ 2 da + O(r~ (2a ' 2+5o) + r ~ {2s+2) + r~ (a+s) + r~ (3 °- 



4)> 



We can check that 2a — 2 + <5o, 2s + 2, a + s and 3a — 4 are all strictly larger than 6. 
Hence, By Lemma and f[2Tl) . |i?m| = 0(r~ 4 ). 

When s < 2, we have 2s + 2 < 6 — e'. Applying Lemma[5]to (j2"7|) gives J D iV-Rmpdl 7 = 
0(r-( 2s+2 )). Thus, |i2m| = 0(r-( s + 2 )). 

(b) Since 5Rm = dRc, \V k 5Rm\ < |V fe+1 -Rc|. And by (a) we already know that 
\g — 5\ = 0(r~ s °), \dg\ = 0(r -<5 ° -1 ) and \Rm\ = 0(r~ a ) for all a < n. We will prove 
that under assumptions |Vifc| = 0(r~^ n+1 ^) and J D \V 2 Rc\ 2 dV = 0(r~( n+4) ) we have 
\Rm\ = 0(r~ n ). 

By (J22]) and Lemma 

n — 2 f 

' ^'VRm\ 2 dV< / C(\VRm\ 2 \T\\X\ + \VRm\\Rm\ 2 \X\ + \V 2 Rc\\X\\V Rm\)dV 



D r 2 JD 

+ {^TJ ~~ \ + Cr ' 5 ° ^ r I \^ Rm \ Ada + r I C(\VRc\ 2 + \VRc\\VRm\)da. 
Therefore 



f (VlJ±. - e \ | Vj Rm| 2 dV < [ C(\Rm\ A \X\ 2 +\V 2 Rc\ 2 \X\ 2 )dV 

J D r V 2 / J Dr 

+ ( - I + e ) r / \VRm\ 2 da + r [ C\VRc\ 2 da (28) 



+ 1 2 

for some e > small. Hence, for some e' > small. 

/ I VRm\ 2 dV < ( (!L±lK!Ll ^1 _ e A r / \VRm\ 2 da + 0(r-^+r-^ a - 2 -^). 
Jd t \ n-3 J J Sr 

Since 4a — 2 — n = 3n — 2 — e and ( - ra+ ^g~ 2 ' 1 — e' are both strictly larger than n + 2, by 
Lemma we have / \VRm\ 2 dV = 0(r-( n+2 )). Finally, by @HD, |#m| = 0(r~ n ). □ 

Proof of Theorem^ We will use the coupled system ((H]). By (TlTi) and the work by Tian- 
Viaclovsky [25], we first get that {M,g) has the maximum volume growth and is ALE 
of order zero. Then harmonic metrics case follows by Theorem [1] by letting s — > oo. It 
remains to prove the case of Kahler metrics and (anti-)self-dual metrics. 
Since Rc satisfies ARc = Rc * Rm, we have 

A|ifc| > -C\Rc\\Rm\. 
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By Lemma [8] and M> 

A\Rc\ 1 -^ > -C\Rc\ l 'n\Rm\. 

By Lemma [0(b), we have l-Rc) 1 "™ = 0(r~ a °) for all a® < n — 2. Thus \Rc\ = 0(r~ ai ) for 
all oi\ < n. By Lemma [1] (a) and the Sobolev inequality. 

sup|ifc| <Cr-^\\Rc\\ ^ m <Cr-^\\VRc\\ LHDr) . (29) 

D 2r ( r > 

Let 7 = ^>l. 
Case 1. n > 5. 

Applying Lemma [2] (c) to the equation A\Rm\ < — C\Rm\ 2 — C\V 2 Rc\ and using d^J) 
with q = |7, we get that \Rm\ = 0(r~ a2 ) for all a 2 < w — 2. Therefore, «2 > 2. By ( TTTj) . 
we have |V fc -Rm| = 0(r~^ a ' 2+k ^). Hence, by |2J, there exist coordinates x and < 8q < 1 
such that C -1 r < |x| < Cr, \g — 5\ = 0(r _<5 °) and \dg\ = 0{r~ 5 °~ l ). Since distances \x\ 
and r are equivalent, we will still denote |x| by r and denote by D r the complement of 
the coordinates ball of radius r and by S r the coordinates sphere of radius r. 

Applying Proposition [2] with T = Rc and Q = D r and using (jSj), we obtain 

Rc* Rm* X *VRcdV = I ARijXkRij^dV 

D r J D r 

> j ^^^|Vi?c| 2 -C'|Vi?c| 2 |r||A| -ClV^cll^cll^mllX^ 
+ / uiR ijtl X k R ijtk da - j ^X k v k \VRc\ 2 da, 

J Sr " St 

where v is the unit outward normal. Note that v = — — + 0(r~ s °). By Lemma M and M 
again, the above formula becomes 

f !^ll\X7Rc\ 2 dV < (-^—-^]r[ \VRc\ 2 da + C [ \VRc\ 2 r l ^da 
JD r 2 \n + 2 2) J Sr J Sr 

+ cf (\VRc\ 2 \T\\X\ + \VRc\\Rc\\Rm\\X\)dV. 

JDr 

Since |x| and the geodesic distance are equivalent, we can apply (JHI), (TTDT) and (TTTj) on D r , 
the complement of coordinates ball. Use to get that ||Vi?c||x,am ap ) < 
Cr~^ || VRc\\ L % 1{D2r) < Cr' 3+ ^\\Rc\\ L9{Dr) = 0(r-( ai+1 -^). Observe that V Rc satis- 
fies AVRc = Rm* VRc + VRm * Rc. Thus, A|V,Rc| > -C\Rm\\VRc\ - C\VRm * Rc\. 
Applying Lemma [2] (a) to the above equation with p = 2 and q = |7, and using 
supui^ |Vi?m| = 0(r~( Q2+1 ^) we get 

sup |Vifc| < Cr~§ HV-Rcll^^) + Cr 2 sup \VRm\ \Rc\ 

D 2 r D r 

= 0(r~^ ai+1 ^ + r ~( a2 + a i^ 1 )) = 0(r _< - Ql+1 - ) ). (30) 
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Therefore, 



/ \VRc\ 2 dV < — !— r [ \VRc\ 2 da + o(r- (2ai+2+<5o ~™ + r -(2«i+«2-nh 
J Dr ~ n + 2 J Sr 

Since 2a\ + a 2 — n > 2a\ + 2 + 5 — n > n + 2, by Lemma \5\ with f = f D \VRc\ 2 dV, 
we have J Dr \VRc\ 2 dV = 0(r-( n+2 )) and by ([29]), |ite| = 0(r~ n ). (Since \x\ and the 
geodesic distance are equivalent, we can apply (1211 on _D r , the complement of coordinates 
ball.) Note that the above Rc estimates are independent of the dimensions once we have 
\g-5\ = 0(r- 5 °). 

Now we prove that \Rm\ = 0(r~ n ). Similar as before, we have supi x i =r | VRc\ = 
0^ r -(n+i)^ (|3Q|) w ith ai = n now. By ([9]), we also have 

||V 2 it;c|U 2(D2r) < Cr~ 2 -^\\V 2 Rc\\ L ^ {D2r) < Cr-^\\Rc\\ L n {Dr) = 0(r"(f+ 2 )). (31) 

By (EHD, we obtain 

n — 2 \ ( n — 1 1 \ f 

e\\VRm\ 2 dV < + e )r \VRm\ 2 da 

2 /' ~ \n + l 2 J J Sr l 

+ 0(r~( n+2) + r -( 4 "2-2-n)^ 

Therefore, 

y | Vflm| W < + n 1) i" 3 ~ 2) ~ e ') 'r^ iV^ml^a + O^^+r-^ 2 - 2 -")) 

(32) 

for e' small. Note that (n+1)( "~ 2) - e' > n + 2. 

n— 3 

When n> 7, 4^2 — 2 — n = 3ri — 10 — e > n + 2. By Lemma we get J D |V-Rm| 2 = 
0(r~ (n+2) ). Applying Lemma|(a) to A\Rm\ > -C\Rm\ 2 - C\V 2 Rc\ with p = ^ and 
g = |7, we have 

sup Iflml < Cr'T^lliZmll _2n + Cr~ n < Cr^\\V Rm\\ L 2 {Dr) + CV~ n . (33) 



£>2r 



Therefore, \Rm\ = 0(r n ). 

When n = 5 and 6, 4«2 — 2 — n = 3n — 10 — e < n + 2. By Lemma [5] and (|33|) . 
J Dr (V.Rml 2 = O(r-( 3n - 10 - e ")) and |i2m| = 0(r-( 2n - 6 - e ~)). Now going back to (J32]) with 
«2 = 2n — 6 — e, we have 4«2 — 2 — n = 7n — 26 — 4e > n + 2. Thus, by Lemma [5] and 
(J33D = 0{r- n ). 

Case 2. n = 4. 

Consider the equation A\Rm\ > -C\Rm\ 2 - C|V 2 ,Rc|. By (EI]), || V 2 i?c|| L 2 (D2r) < 
Cr~ 2 \\Rc\\ L ™^ D v = 0{r~ ai ). Therefore, by Lemma[2](a) and ffTUj) . we have 

sup \Rm\ < Cr- i/p \\Rm\\ LP(Dr) + Cr~ a \ 

D 2r 

\\VRm\\ L 2 {Br/2(x)) < Cr\\S7Rm\\ L 4 {Br/2{x)) < <>~l-Rm|| L 2 (jBr(!E)) , (34) 
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for p > 1. Since \Rm\ 2 is integrable, let J D \Rm\ 2 dV = eo(r) 2 , where eo(r) — > when r — > 
oo. Therefore, by [25] we have \g — S\ < Ce (r), \dg\ < Ceo(r)/r and \Rm\ < Ceo(r)/r 2 . 

/ \VRm\ 2 dV < [ C(\VRm\ 2 \r\\X\ + \VRm\\Rm\ 2 \X\ + \V8Rm\\X\\VRm\)dV 

J D r J D r 

+ (~ + Ce (r))r f \VRm\ 2 da + r ! C(\5Rm\ 2 + \6Rm\\VRm\)da. (35) 
Let A r = {x : r/2 < \x\ < 3r/2}. By (1511) and Sobolev inequality, 

/ \VRm\\Rm\ 2 rdV < Cr\\VRm\\ L ^ Ar) \\Rmf Li{Ar) < Cr\\VRmf L 2 {Ar) 

< C\\Rm\\ L 2 {B s r \B lr )\WRm\\ 2 L 2 {Ar y 

Hence, 

/ \VRm\\Rm\ 2 \X\dV < Ce (r)\\VRm\\ 2 L 2 (Dr) . 

JD r 

Now (1351) becomes 



(l-eo(r)-e) / \VRm\ z dV < C / |V£Rmr|X|W 

+ (e + i)r J \VRm\ 2 da + r J C\5Rm\ 2 da (36) 

rJ Sr ** St 

for some e > small. To compute the above formula, by dHJ), ||Vi2c||£2(£> 2r ) < 
Cr\\VRc\\ L * {D2r) < Cr^WRcWwr) = ©(r"^- 1 )). By pD and |Vi2m| < Ce (r)/r 3 , we 
get 

sup|Vi?c| < Cr- 2 \\VRc\\ L 2 {Dr) + Cr 2 sup | VRm\\Rc\ 

£>2r Dr 

= 0((1 + e (r))r-( ai+1 ») = 0(r-( Ql+1 )). (37) 

Go back to (J35J. Noting that \5Rm\ < \VRc\, \VSRm\ < \\7 2 Rc\ and using ([37j) and 
1 1 V 2 i2c ||r2(£v) = 0(r~ ai ) we obtain 

/ \VRm\ 2 dV <(<6- j \VRm\ 2 da + 0(r~ (2Ql " 2) ) 

for e' small. Since 2a 1 — 2 = 6 — e>6 — e'by choosing e <C e', by Lemma and fl3"3"|) . 

|i?m| = 0(r _ ( 4_ ^")). Hence, |i?m| = 0(r _a ) for all a < 4. 

By [2], there exist coordinates x and < 5 < 1 such that C _1 r < |x| < Cr, \g — S\ = 
0(r~ s °) and \dg\ = O(r _5o_1 ). Now by the same argument as in Case 1 (n > 5), (the 
i?c estimates are independent of the dimensions once we have \g — 5\ — 0(r~ So )) we get 
I ifc I = 0(r~ 4 ), |Vi?c| = 0{r~ b ) and ||V 2 -Rc||l2 = 0(r~ 4 ). Then by the same proof as in 
Theorem [1] (b), we get \Rm\ = 0(r~ 4 ). 

Finally, for both Cases 1 and 2 by [2] there exist coordinates of order n — 2. □ 
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5 Proof of Corollary U 



Proof of Corollary Ui By going to the universal cover, we may assume the group T = {e}. 
Since g is of C°, in particular detg is of C° and thus VolB r < Cr n . Choose r small such 
that (/ \Rm\ n ' 2 dV) 2 / n < eo, where eo is as in Lemma [3] and HI Applying Lemma [3] to 
the equation 

A|ifc| > -C\Rm\\Rc\ 

gives \Rc\ = 0(r~ a ) for all a > 0. Let A r = {x : r/2 < \x\ < 3r/2}. Let q > n/2. By © 
||V a ifc||z. (jlr) < Cr-^\\Rc\\ LnB2ABi) < Cr~ 2 -^ 

for all a > 0. Now applying Lemma H] to the equation 

A\Rm\ > -CI.Rmll.RmI - C\V 2 Rc\ 

produces \Rm\ = 0(r~ a ) for all a > 0. Therefore, by [2] P342 (replacing \x\ 2 by |x| 2_Q 
in our case) there exists a diffeomorphism cf) of B r such that <p*g — 5 = 0(r~ a+2 ) and 
0(f)* g = 0(r- a+1 ). Hence, g G C 1 ^ for some < (3 < 1. By DeTurck-Kazdan [12], there 
exist harmonic coordinates around the origin. Now apply standard regularity to 

Ag = -2Rc + Q{g,dg) 
ARc = Rm * Rc 

for g in harmonic coordinates. We first have that Rc G L p (Bi) for all p. By the second 
equation, Rc G W /2 ' p (i?i). Going back to the first equation, the right hand side is in W 1,p . 
Thus, g G W 3,p (Bi). Bootstrapping in this manner, we finally get that g extends to a 
smooth Riemannian metric across the origin. □ 
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